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We present a numerical investigation of the density fluctuations in a model glass under cyclic shear
deformation. At low amplitude of shear, below yielding, the system reaches a steady absorbing state
in which density fluctuations are suppressed revealing a clear fingerprint of hyperuniformity up to a
finite length scale. The opposite scenario is observed above yielding, where the density fluctuations
are strongly enhanced. We demonstrate that the transition to this state is accompanied by a spatial
phase separation into two distinct hyperuniform regions, as a consequence of shear band formation
above the yield amplitude.
The last decade has seen a growing interest in the idea
of ‘hyperuniformity’ in several domains of physics [1].
This general concept is related to the suppression of
large length scale density fluctuations in disordered sys-
tems. First introduced in the context of matter distri-
bution in early universe [2], the concept of hyperunifor-
mity was later extended to disordered condensed matter
physics [3]. The idea is to consider how a set of points,
embedded in a space of dimensionality d, is distributed in
a volume of varying size, for example a sphere of radius R.
For a completely random point distribution, the variance
of number density within the observation window scales
as R−d. For points on a regular lattice, however, the
variance scales as R−(d+1). A hyperuniform disordered
system will represent an intermediate case between these
two, with a variance scaling as R−(d+α) with α having
positive values. This peculiar behavior is directly related
to a vanishing structure factor in the long wavelength
limit, i.e. S(k → 0) → 0 and, as a consequence, a van-
ishing isothermal compressibility χT [3].
On account of this peculiar behavior, hyperuniform dis-
ordered systems are considered as a new exotic state of
matter [1]. This seems to be justified by the fact that,
since its introduction, the concept of hyperuniformity has
been discussed in several contexts such as jammed pack-
ings [4, 5], biological tissues [6, 7], superconductors [8]
and colloids [9]. A strong interest in hyperuniform sys-
tems come also from their photonic properties as they
display complete photonic band gaps [10–12], stealth
material[13] and their use as effective wave guides [14].
In recent years, hyperuniform behavior has been
also found in several driven systems undergoing non-
equilibrium transitions from a diffusive state to an ab-
sorbing state. In this situation the absorbing states have
been found to be hyperuniform in the context of emul-
sions [15], suspensions [16–19] and active particle sys-
tems [20, 21]. How hyperuniformity changes across the
dynamic transition from an absorbing to diffusive state is
still an open question and it is the purpose of this letter
to address this question in the context of glasses.
In this work, we focus on a model glass undergoing yield-
ing when subjected to shear deformation, using computer
simulations. Glasses display intriguing properties once
submitted to cyclic deformation of various strain am-
plitudes, γmax [22]. In particular, it has been shown
that there exists a critical amplitude, now identified
with yielding γy [23], that marks a dynamic transi-
tion between an absorbing (γmax ≤ γy) and a diffusive
(γmax > γy) state. Moreover, it has been shown that
cyclical shear below yielding can lead to annealing[23–
25], while above it, the system presents clear evidence
of shear banding related with the rejuvenation [26]. We
will show that, indeed, these systems show a good degree
of hyperuniformity in the absorbing state but this be-
haviour changes dramatically across the dynamical tran-
sition.
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FIG. 1. The compressibility χ˜T (k) of the liquid and the cor-
responding IS at T = 1.0. Circles and squares correspond to
system sizes N = 64000 and N = 256000, respectively. The
dashed curve is the power law fit, in the regime marked by
vertical lines, with exponent α ∼ 0.40.
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2Following previous works [22, 23, 26], we explore a
model glass, the Kob-Andersen 80 : 20 binary Lennard-
Jones mixture of of 64000 (or 256000) particles interact-
ing with the Lennard-Jones potential with a quadratic
cut-off (see Supplemental Materials (SM) for further de-
tails). Under cyclic athermal quasistatic shear (AQS),
the evolution and the steady state of the system are mon-
itored by considering the properties of local energy min-
imum states or inherent structures (IS) at zero strain, as
a function of the cyclic shear amplitude.
Above a critical strain amplitude γy ' 0.070, the
model exhibits a transition from absorbing to diffusive
state [22]. To examine the existence of a hyperuniform
state across yielding, we study density fluctuations via
the wave-vector k dependent compressibility, defined for
thermal binary mixtures as
ρkBTχT (k) =
SAA(k)SBB(k)− SAB(k)2
c2ASBB(k) + c
2
BSAA(k)− 2cAcBSAB(k)
(1)
where, cA = NA/N and cB = NB/N , and SAA etc.
are partial static structure factors (defined in detail in
the SM). For hyperuniform systems, it is expected that
χ˜T (k) ≡ ρkBTχT (k) ∝ kα, where 0 < α ≤ 1. We first
consider the compressibility χ˜T (k) for the unsheared liq-
uid at T = 1 and the corresponding inherent structures,
presented in Fig. 1. As expected, in the liquid, the k-
dependent compressibility approaches a constant value as
k → 0. For the IS, Fig. 1 shows that, within a specific in-
terval of k-vectors, the compressibility follows hyperuni-
form behavior. We notice, however, that the χ˜T (k → 0)
does not drop to zero but attains a finite value. This
behavior has been observed in several systems that are
named effectively hyperuniform [7] and for which the hy-
peruniformity index H, the ratio of the k → 0 extrapo-
lation of χ˜T (k) to its maximum value (see SM), is small
enough. A value ofH ≤ 2×10−3 confirms indeed that our
system is effectively hyperuniform (see SM). For simplic-
ity, in the rest of the paper, we will continue to refer to
effectively hyperuniform simply as hyperuniform. More-
over, in Fig. 1, we also confirm that our observations are
independent of system size.
Having established that the unsheared energy mini-
mum configurations are hyperuniform, we turn our at-
tention to systems under cyclic deformation. The initial
IS configurations are periodically deformed following the
AQS protocol, for a range of amplitudes γmax. Up to
50 − 500 cycles are performed to ensure that a steady
state has been reached [22]. After that, χ˜T (k) is com-
puted for different values of γmax on different configura-
tions sampled stroboscopically (see SM for more details).
The results are shown in Fig. 2(a). Two different trends
emerge, in the absorbing state (γmax < γy), the results
for the sheared systems are similar to the unsheared IS
10−1 100 101
k
10−3
10−2
χ˜
T
(k
)
(a)
0.00 0.02 0.04 0.06 0.08 0.10γy
γmax
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
α
(b)
IS
γmax = 0.02
γmax = 0.04
γmax = 0.06
γmax = 0.076
γmax = 0.078
γmax = 0.08
γmax = 0.09
FIG. 2. (a) Compressibility χ˜T (k) for the cases of shear am-
plitudes γmax below and above critical yielding amplitude
γy ' 0.07 are shown with different symbols. Data for the
cases above yielding has been shifted upwards for clear visi-
bility. The solid lines (blue and orange) show the power law fit
to the compressibility curves. The vertical dotted lines mark
the wave vector regime fitted with the power law kα. (b) The
exponent α of power law fit is plotted against shear amplitude
γmax. The vertical dashed line marks the yield amplitude γy.
- compressibility is suppressed in the absorbing state, as
can be clearly observed from the reduced values of H (see
SM). Indeed, from fits to the form χ˜T (k) ∝ kα, we obtain
values of α around 0.4, as shown in Fig. 2(b).
In the diffusive state, γmax > γy , two relevant differences
emerge with respect to the previous case. First, the ex-
ponent α changes dramatically as soon as γy is crossed,
(Fig. 2b). Second, in the long wavelength limit ( k → 0),
a strong upturn of χ˜T (k) suggest the presence of large
fluctuations. Results in Fig. 2 thus suggest an abrupt
transition from hyperuniform to non-hyperuniform be-
haviour on crossing the yielding point. This trend is
also confirmed by inspecting the hyperuniformity index
H (see SM) [1].
Next, we examine fluctuations in real space. In this case,
3we introduce the density variance in real space ∆2(R)
which is related to the exponent α defined earlier:
∆2(R) :=
〈
ρ2(R)
〉− 〈ρ(R)〉2 ∼ R−(d+α), (2)
where R is the radius of the sampling sphere, ρ is the
number density within the spherical window of size R
and d is the dimensionality. The results of this anal-
ysis are presented in Fig. 3(a), where, as with the be-
haviour of χ˜T (k), two clear trends emerge. Below yield-
ing, the exponent α is found to be consistent with those
obtained from compressibility χ˜T (k) (Fig. 2a). Above
yielding, however, one observes deviations from power
law behaviour for large window sizes and the exponent α
(if one attempts to estimate it) attains negative values,
indicating the presence of strong fluctuations.
What is the origin of this puzzling behavior? To answer
this question, we investigate in detail the distribution of
the local density ρ sampled within a given window size
R = 10. As shown in Fig. 3(b), the local density distri-
bution shows substantially different behavior below and
above yielding. For γmax < γy, ρ exhibits a unimodal
distribution centered around the bulk density. However,
above yielding (γmax > γy), the distribution becomes bi-
modal and can be described by the sum of two indepen-
dent Gaussians. Using such a fit, we identify a threshold
density ρc which we choose to be equal to ρ = 1.2. We
then study how the low and high density regions are dis-
tributed in space. As shown in the inset of Fig. 3(b), this
procedure identifies two regions: a low density band (in
the middle of the simulation box) sandwiched between a
high density region. Indeed, we confirm the correspon-
dence of this low-density sub-volume to the center of a
dynamical shear band discussed in Ref. 26 (see SM).
The existence of a large interface between two different
density regions might be the origin of the low k upturn
in the χ˜T (k) observed in Fig. 1 To confirm this expec-
tation, we compute the compressibility, for the case of
γmax = 0.09, restricting the k vectors to planes parallel
(kx = 0) and perpendicular (ky = 0 and kz = 0) to the
shear band plane. The results are displayed in Fig. 4(a).
It is evident that, when k is parallel to the shear band,
the hyperuniformity features observed below yielding in
Fig. 2(a) are recovered. On the other hand, across the
shear bands, the density fluctuations are enhanced by the
presence of the interface between the shear bands.
At this point, a question naturally arises, what is the
nature of the fluctuations inside and outside the shear
band? To answer this question we measured directly
∆2(R) inside and outside the shear bands (see SM).
To pin down exactly the location of the shear band, we
sample the spatial distribution of densities using spher-
ical windows of size R = 10 for the case of amplitude
γmax = 0.09. Samples are classified using a cut off den-
sity ρ = 1.2. As shown in Fig. 4b (inset), windows with
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FIG. 3. (a) Number density variance as a function of sampled-
window radius R for the shear amplitudes γmax below and
above the yielding amplitude γy ∼ 0.07. The symbols used
here are same as that of Fig. 2(b). The curves corresponding
to amplitudes above yielding have been shifted upwards for
better visibility. The variance displays hyperuniformity for
γmax < γy. High fluctuations are observed for amplitudes
above yielding, γmax > γy . (b) Local number density distri-
butions for a window of radius R = 10 for γmax = 0.04 (< γy)
and γmax = 0.09 (> γy). Above yielding, the distribution is
bimodal, indicating two distinct high and low density regions
in the system. Inset demonstrates that low density regions are
spatially localised. Particles are assigned a colour blue(red)
if a window of size R = 10 around them have a local density
< 1.2(> 1.2).
densities below the cutoff are mostly inside the shear
band. We first restrict our calculation to regions that ex-
clude completely the interface (as marked on the inset).
The resulting variation of the exponent α at different val-
ues of the shear amplitude is presented in Fig. 4(b). Be-
low yielding, density fluctuations across the system have
similar character, and the α values do not depend on the
X coordinate, and are the same as the ones obtained in
k-space and presented in Fig. 2(b). Above yielding the
behaviour is very similar inside and outside the shear
4band. In both regions, we recover the same level of hy-
peruniformity as below yielding. However, if we enlarge
the window of sampling in the shear band such that the
interface is included (as marked in the inset of Fig. 4(b)),
the hyperuniformity is completely lost and similar results
as in Fig. 2b are recovered. A similar result is observed
for the compressibility as calculated for kx = 0 (wave-
vector along the shear band-plane) inside and outside
the shear band (see SM). We can conclude that the in-
terface between the two regions of different densities, in
consequence of shear band formation, is responsible for
the disruption of hyperuniformity.
In summary, we have investigated the presence of hype-
runiformity in a model glass subjected to cyclical defor-
mation. Previous work has established that under cyclic
deformation, a sharp boundary may be identified between
a pre- and post-yield regime, corresponding to deforma-
tion amplitudes γmax ≤ γy and γmax > γy respectively,
and these regimes correspond to non-diffusive (absorb-
ing) and diffusive states when one follows the movement
of particles from one cycle to the next stroboscopically.
With cyclic shear, the glass anneals progressively [26],
and we show here that it corresponds to an increase
in the degree of hyperuniforming compared to the un-
sheared glasses, which we also show exhibit hyperunifor-
mity. Above yielding, we demonstrate that hyperunifor-
mity is lost as a result of increased density fluctuations
associated with the formation of an interface between two
regions with different densities. If we restrict our evalua-
tion of the fluctuation inside and outside this shearband,
excluding the interface, the system continues to be hype-
runiform in the same manner as the sheared glasses below
yielding. Past studies have considered systems which ex-
hibit hyperuniformity homogeneously in space. Here we
demonstrate, for the first time, the possibility of coexis-
tence of hyperuniform regions in a driven system. This
observation points to new directions for the study of tex-
tured, or modulated, systems with spatially varying de-
grees of hyperuniformity with interface, which may be of
great interest to investigate further.
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FIG. 4. (a) Compressibility χ˜T (k) corresponding to differ-
ent wave vector orientations for shear amplitude γmax = 0.09
(> γy). Cases (i) kx = 0, (ii) ky = 0 and kz = 0 corre-
spond to wave vectors being parallel(kx = 0) and perpendic-
ular to shear plane. For the perpendicular case, we see an
upturn at the lowest wave vectors. (b) Number density vari-
ance exponent α (see text for details) for the cases of γmax
below yielding amplitude γy are shown as black circles. Above
yielding, for particles inside the shear band, α is shown with
red up triangles. For particles outside the shear band α is
shown as green squares. When the interface is included, the
exponent drops to low values indicating a lack of hyperuni-
formity, as shown by the blue down triangles. Inset: spatial
distribution of densities. The red(blue) histograms show the
probability that the local density is above(below) ρ = 1.2.
In this way, we clearly identify the regions inside (blue) and
outside (red) the shear band. The red(green) bar on the top
of the graph marks the sampling regions fully inside(outside)
the shear band. The blue bar on the bottom marks the region
that includes the interface. (See text for details.)
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